A concept of time-reversed entropy per unit time is introduced in analogy with the entropy per unit time by Shannon, Kolmogorov, and Sinai. This time-reversed entropy per unit time characterizes the dynamical randomness of a stochastic process backward in time, while the standard entropy per unit time characterizes the dynamical randomness forward in time. The difference between the time-reversed and standard entropies per unit time is shown to give the entropy production of Markovian processes in nonequilibrium steady states.
INTRODUCTION
Fluxes of matter or energy imposed at the boundaries of an open system explicitly break the time-reversal symmetry. Indeed, in nonequilibrium steady-states (NESS), the particles incoming at boundaries typically have a smooth probability distribution, although the outgoing particles have a probability distribution which depends on their interaction inside the system and are therefore, finely correlated. The time-reversed steady-state is in principle possible but highly improbable because it would require the incoming particles to have a probability distribution which is finely correlated according to the interaction they will have inside the system and, in general, the environment from where the particles come does not know about the interactions taking place inside the system. (1,2) Accordingly, in a NESS, the probability distribution of the microscopic trajectories inside the system differs from the probability distribution of the time-reversed trajectories so that the system is in an irreversible state. The irreversibility of a NESS thus finds its origin in the selection of the initial conditions for the trajectories incoming the open system. Most trajectories have an initial condition which is different from the initial condition of the timereversed trajectory and, moreover, the stationary probability distribution of a NESS gives a different weight to the forward and backward trajectories. Therefore, the selection of initial conditions by the flux boundary conditions explicitly breaks the time-reversal symmetry at the statistical level of description as already noticed in refs. 1 and 2. The breaking of timereversal symmetry may manifest itself for instance in some time correlation functions (3) and we may wonder if the time-reversal symmetry breaking would not also concern other properties closely related to both the dynamics and the thermodynamics.
In this regard, the irreversibility of a NESS is commonly characterized by the production of entropy inside the system. Previous work has given some hints that entropy production could be related to the dynamical randomness (alias chaos) taking place inside the system. Already, the escape-rate theory has shown that the transport properties can be related to the difference between the sum of positive Lyapunov exponents and the Kolmogorov-Sinai entropy per unit time, establishing a connection between irreversible properties and the characteristic quantities of dynamical systems theory. (2, 4, 5) However, the Lyapunov exponents cannot have their usual definition for random processes describing NESS because most trajectories spent a finite time inside the system between their incoming and outgoing times. Therefore, a general relationship between entropy production and some quantities of the type of those defined in dynamical systems theory has been missing.
The purpose of the present paper is to introduce a concept of timereversed entropy per unit time similar to the standard entropy per unit time introduced by Shannon, (6) Kolmogorov, (7) and Sinai. (8) The aim is to characterize the dynamical randomness of the time-reversed trajectories of an open system and to show that, in a NESS, the entropy production is given by the difference between the time-reversed entropy per unit time and the standard entropy per unit time from dynamical systems theory. Our goal is thus to show that entropy production is due to the manifestation of the aforementioned breaking of the time-reversal symmetry at the level of the dynamical randomness of the microscopic trajectories.
The plan of the paper is the following. The concept of time-reversed entropy per unit time is introduced in Section 2. The relationship between the time-reversed and standard dynamical entropies and entropy
